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Abstract.

The ultimate limit in one approach to the design of very light and very strong structures is to
combine (1) the concept of a space frame (common in architecture) with (2) fractal repetition of
a shape on smaller and smaller scales, (3) the inherent crystallographic nature of repeating
structures, and (4) the limits of our manufacturing capabilities imposed by the atoms from which
we build products.

The result is a class of very light, very strong structures composed of struts and nodes which
are self-similar at multiple scales, are particularly easy to describe when a material is described
in terms of a unit cell which is repeated to fill three dimensional space, and have a simple
molecular structure.
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Introduction

In Ultralight Fractal Structures from Hollow Tubéswas shown that aubstantially largecompressive

load could be supported byspace frame in the shape of a rthn a simple rod of similar mass. Here,

we extendthis concept toa Molecular Space Frame (MS#) extremellight weight,strong,rigid, three
dimensional structurehat can have amrbitrary shape To accomplish this, we rely heavily on the use of
triangles, a structural element which offers great stiffness at low weight. The simplest three dimensional
structures that can be made of triangles are the tetrahedron and octahedgnly.

Figurel. Tetrahedron (left) and octahedron (right).

If we cambine these two geometrical forms in a uniform fashion, we get a space ¢@anraon in
architecture and constructioRig. 2).”

Figure2. The Pyramid, at California State University (Long Beach), is the largest space frame in North
America.
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!Daniel RayneatK i r khope, Yong Mao, RalStratutes ffom Hallgw TébesPhys. Relv.i g h t
Lett. 109(2012):20430Mhttp://prl.aps.org/abstract/PRL/v109/i20/e204301

2 Seehttps://en.wikipedia.org/wiki/Space_fran®pace frames were independently invented by Alexander Graham
Bell, Buckminster Fuller, andthersinterested in high strengtlight weight, and simplicity.
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Struts and Nodes

Face framea arebuilt from struts and nodes. Struts are in pure compression or pure tension, and
connect nodes. In a uniform space frame, all struts are the same length. Hm@attachedo as many
as12 struts. In a uniform space frame a mod at the center of a rhombic dodecahedron and the struts
are orthogonal to its facés

In nonuniform space frames, the length of struts can vary, as can the angles between struts at a node
This results in multiple different types of struts and noded aan, in the worst case, result in every

strut and every node in the finished structure being unique. In a uniform space frame, all struts and all
nodes are identicat which greatly simplifies manufacturing, supply chain logistics, and assembly
operations.

A node can be thought of as a sphere in the center of a cube with twelve short struts connecting to the
centers of the 12 edges of the cube.

Figure3. Tripodal view of space frame node.

InFig.3 above, there ard.2 connections, with the 6 coloreéd in a plane, and the 6 colored green

forming two tripods, one inverted In this view, gpace frame can be thought of as a stacked set of
planes, each plane supported from below by tripods and supporting another plane above on.tripods
There are 4 setof stacked planes, each set stacked in parallel to one of the 4 faces of a tetrahedron, the
4 stacked planes interlocking to form the spé@me. By inspection and symmetry, we can see thay

two red haltstrutsin the cubeare at 607120°0r 180° anglesto each other.

% One can also think of the 12 struts as exiting eadle miong the face normals of a rhombic dodecahedron; see
Fig. 10).
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Figured4. Tetrapodal view of space frame node.

-

Another perspective on a space frame is illustrateBim4, in which the 12 connections are divided into

4 colored red in a plane, and 8 colored green that form two4egged tetrapods, one inverted. In this

case, the space frame can be thought of as a stacked set of planes, each plane supported from below by
tetrapods and supporting another plane above on inverted tetrapods. There are 3 sets of stacked
planes, each set of planes stacked in parallel to one of the surfaces of the cube, the 3 sets of stacked
planes interlocking to form the space framBy inspetion and symmetry, we can see thaty twored
half-strutsin the cubeare at90°or 180° anglesto each other We conclude that the angle between any

two struts or halfstruts connected to a node must 168° 90°, 120°or 180°.

Note that the cubes in fils space frame occupy 3 dimensions much as the red squares occupqrdred
black checkerboard in 2 dimensiog# you move left, right, forward, backward, up or down from a

cube in the space frame, you find an empty cidimed hole. There are eight diteons in which you can
move, which we might designate (1,1,1), (41),(1;1,1), (1;1,-1), ¢1,1,1), €1,1/1), ¢1-1,1) and {1,-1-

1). Wearbitrarily designate two members of this set of eight directions as D1 and D2. If we are at any
cube we wilffind that by moving in direction D1 and then moving in direction D2, we will again be at
some cuben this space framefor any directions D1 and D2. If we just move in direction D1, we will be
in a cubesized hole.

Note also that the frame of the cublustrated inFigs.3 & 4, outlined in gray, is not part of the physical
space frame. Itis included in the illustration solely to help the mind understand the nature and
symmetries of the system. The 12 red and greensitalits shown connecting the nedat the center of
0KS gKAGS OdzoS G2 (GKS ¢gKAGS SR3ISa 2F GKS 0Odzo S
GKSY aONR&aGlIftA] SZ¢ ¢ 2 dzbtridt wdukl Novd lihearly tallarOtBer Hadtidit Y S ©
on another monomer to form a wholstrut that would join the two nodes from the two monomers.

O
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A unit cellof a space frame is illustrated belowRig. 5 It is composed of space frame nodes
alternatelyoccupying 4 othe 8 cubednto which the unit cell can be divided.

Figureb. A unit cell of a space frame, composed space frame nodesoldsa single tetrahedron

Tl\%;ﬁ\

Consistent with the above discussidfig.6 below illustrates a segment of space frame showing the
tripods and inverted tripods between two planes with triangukacets, whileFig.7 illustrates a segment

of space frame showing the tetrapods and inverted tetrapods between two planes with square facets.
Note that the nodes are identical both illustrations. The difference is solely in the lattice plane we are
exposing on the surface. The square fplane space frame motif is typical in many open roof
applications in architecture, for example, the sheltering cover between buildings in a shopping center or
in front of a theater.

Figure6. Tripodal view of spadeame with multiple nodes.
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Figure7. Tetrapodal view of space frame with multiple nodes.
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In a sufficiently large structure (that is, if we neglect the surface of the structure and consider only the

bulk) the ratio of struts to nodes is 6 to 1, becaesery strut connects 2 nodes, and every node is

surrounded by 12 struts, each of which is shared with another node. To put it another way, our finished
structure could benadeT N2 Y | AAy 3t S 4 Yatgthed S NEhMEtruts: AspacRS LINS

framS A &4 FT2NN¥SR ¢KSyYy (KS&ERBA YaSR2a/R2v\SINGR ¢ G LI2INSSHBSNEI KNS Sg F
bond to each other.

As it requires only 3 coordinates to specify the location of a point (neglecting singularities), the space
TN YSZI 6KAOK &anlaf@ddd usiBgibstruis, ke a iberdd abilitk to esmecify the

location of each node. Put another way, the space frame architecture can distribute a load applied to
any given node among multiple struts and nodes, and can degrade gracefullypiretieace of

weakness or even failure of individual struts or nodes. On the other hand, by eliminating superfluous
struts and nodes, a space frame can be tailored to provide a three dimensional scaffolding of the desired
shape with just the strength andiffhess that is required.
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Meta-nodes

Meta-nodes are simply a larger example of the nodes involved in the space frame.

InFig.8, we can seameta-node. The heart of the metaode is a tetrahedron shown in black,
composed of four nodes connected by four struts, the four nodes being otherwise indistinguishable
from ary other node in the structure.

Figure8. Example oh metanode (black) ins&la space frame (red).
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Meta-nodes can be spaced as close together or as far apart as might be needed, consistent with the
need to avoid buckling and to maintain some degree of rigidity between the-mmdas. Fractal
structures based on this approaeahe a generalization of the approach describedayneatKirkhope

et al’

Figure9. Ameta-strut.

* Metanodes can be used to build a meta space frame, which can in its turn be used to build rredasetehich
can be used to build a meta meta space frame, etc. This fractaltiyezavtd in principle span length scales from
microns to very large macroscale structures.
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Figurel0. Geometry of the rhombic dodecahedron.

Rhombic dodecahedrons can, by themselves, tessellafgade’ just like a cube

The volume of single rhombic dodecahedronMhat is part of a tessellation of a regi@\Vy =0 j VIc,
whereDis the distance betweetwo adjacent rhombic dodecahedrons (or between the centers of two
rhombic dodecahedrons along a line normal to their common fasghnically defined as twice the

NI RAdza 2F 'y AyaONAROSR aLKSNB GlFy38yid G2 Stk OK

Molecular struts

If we wish to create a molecular strut from some material which forms a crystal, then we can start from
the unit cell. Fosimplicity, we assume that the unit cell is a cube andhe®ctahedrdlsymmetry.

A strut from a unit cell will extend from the center of the unit cell along a line towards the center of an
edge of the unit cell, as illustrated belowFigure 1:

® Freitas,NanomedicingFig. 5.6 and Section 5.2 Bttp://www.nanomedicine.com/NMI/5.2.5.htm
® See Wikiedia, https://en.wikipedia.org/wiki/Rhombic_dodecahedrand some algebra.
"In essence, having all possible symmetries available for a Sebbttps://en.wikipedia.org/wiki/Crystal_system
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Figue 11. A strut emerging from a unit cell.

Pv
~Direction of strut

from unit cell.

As can be seen from inspection, the designated strut is in the 110 dire¢tieotherthree upward
pointing green struts are 011, @11, and-110. The four red struts are 101,-10-101 and-10-1. The
four downward pointing green struts are-10, 011, 01-1, and-1-10.

To make a molecular strut that is n unit cells long, we create a block of the material in a suitable
computer modeling program that is ~n unit cells on a side. We then orient the block sedtae

looking directly down on the 110 surface of the block, cut out the outline of the strut, and remove all
atoms outside the outline. Rotating the strut, we will now be able to see its full length. The strut will be
chemically unstable (have danglingrals) because simply removing atoms will leave surface atoms on
the strut that are not suitably terminated. In addition, the strength of the strut might be insufficient
because bonds along the length of the strut might be insufficient to provide the destirength.

Examine the strut and determine if the bonding pattern along the length of the strut is likely to provide
sufficient strength for the intended purpose. If it is, terminate the dangling bonds so that they are
chemically inert. The simplest apprch is to add hydrogens wherever thexee dangling bond. This

might cause steric congestion. If steric congestion is a problem, modification of the structure to relieve
steric congestion can be attempted. The simplest approach is to substitute larggysgiar smaller

groups, or to remove two adjacent hydrogens that are in close contact and bond the atoms to which the
two hydrogens are bondetb a single atom, such as oxygen. Other atoms, such as sulfur, or groups,
such as Cjlcan also be usetlltimately, any local change involving replacement of a small number of
atoms with some other small number of atoms which stabilizes the local structure can be utilized.
Should this process produce a satisfactory reghin further efforts are not needed. If, ever, the

strut is not strong enough, or stabilization of the strut surface is problematic, thearigmal n x n x n

block of material should be reloaded and a second strut outline cut onto the 110 surface of the block.
Repetition ofthis process several times might be required before a satisfactory strut has been produced.
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The results of this process for diamond are shown below:

Figure 2. Amolecular strut for diamondrlhe strut outline is shown at right.

The resulting strut seems satisfactory for distances of a few nanométeis strut would likely be too
flexible for longer distances, whichowld require either a larger strut cross section (drawing a larger
outline on the 110 surface in the process désed above) or alternatively using a metaut (a strut
that was itself made of smaller struts, either as describe@&®ayneatKirkhopeet al., or by making
struts carved out o& uniformspace frameThese are two distinct approaches,ReyneatKirkhope
describe structures that are not built purely from nodes that are rhombic dodecahegitiogir struts
can depart the node at other angles

Molecular nodes

The advantage of struts made by this technique isthatd y 2 RS ¢ Ay carkb&imalydsoS T NI Y S
block of the material defined by the unit cell used in making the strut. That is, 12 struts meeting at a
nodecanseamlessly fuse into a single crystal, because all 12 struts share the same crystal structure and
orientation.

Put another way, we codimake a space frame from a single block of a crystal, such as diasitopdl

by removing atoms where we want empty spaces to be located. This process would create a structure
which was all one single crystaf.wie built a space framaccording to the lgorithm given here(1) all

the strutspointing in a given directioand all the nodes will be identicand(2)the resultcould also

have been achieved by carviitdrom a single crystaFor crystals with a cubic unit cell and appropriate
symmetry (such as diamond) all the struts will be identical. For crystals that are not cubic (hexagonal,
tetragonal, orthorhombic, monoclinic, triclinic) the resulting space frame will not be uniformg(so

struts wil be longer than other struts), but all struts pointing in a given directidhbe identical both in

their structure and length.
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A node without struts is shown in Figurg. The diamond node created lagtaching12 struts like the
molecularstruts shownin Figure 2is illustrated in Figure4l

Figure B. Amolecular node for diamondhe view on the left shows the node straight on. The view on
the right is rotated a few degreeall carbon atoms are part of a strut going through the node. A
oxygen atoms replace two hydrogen atoms that would otherwise have made a hard contact.

Figure 4. Amolecular node for diamonavith stubbed strutsView A shows the node straight on. View
B shows the node rotated a few degrees.

Figure 4, View A
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Figure 4, ViewB

The node was created (conceptually) by taking six struts, inténgettiem at their midpoints in a

common crystal latticeand then using the carbon atoms common to all six. Surface hydrogens that
made hard contactwith other surfae hydrogensvere replaced with an oxygen bonded to the two
supporting carbons. As hard contacts only occur when the two supporting carbon atoms would have
been bonded to a common carbon atom in a six membered ring, replacing the missing carbon atom with
anat Ot provides an approximately correct substitution while preventing the steric congestion that a

T CHt would have created. As can be seen, the diamond crystal structure esttenodigh the node,

which alsdbonds seamlessly tilie 12 strutsof the spaceframe.
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Assembling node -plus -12-half -struts into structures

Six of thesaode-plus-12-half-struts can be combined to create a meta&tahedron, illustrated in Figure
14.

Figure 5. Ameta-octahedronseen in baland-stick view straight on (left) and spatifling at a small
angle (right).

The followingobservations are in order:

First, figures 3, 14 and 15 show structures which, if the hydrogens were removed and the oxygens were
replaced with carbonywould bepart of a single diamond crystal. That is, the carbon atoms would have
the bonding pattern of carbon atoms in a diamond, except that some carbon atoms from that diamond
would be missing.

Second, the termination of the struts is not chemically stable.ilitended to show a truncated
termination that could, logically, be connected to another strut. The actual physical mechanism for
coupling nodes and struts is not specified here. Further work is required to define a convenient
mechanisnfor coupling nodesind struts.

Third, ®lf-assembly of @uilding blockwith 12 strutstubswhich had rhombic dodecahedron symmetry
but in which the endof the strutshad been modified to link to the eisef other struts, is a potentially
valuablearea of researchf sut a molecule could be designed and synthesized, under appropriate
conditions it would presumably sedissemble into a molecular space frame. Synthesis of a molecule
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with 12 linking groups using existing technologies might be challenging. However, moleitiulés
linking groupssuch as cyclohexanehexacarboxcylic apgear quite feasiblé.

Fourth, positional assembly of a rhombic dodecahedron building block should also be feasible, and
would allow construction of 3 dimensional molecular structures afsiderable strength. The use of
positional assembly would presumably allow the use of simple sandsrhombic dodecahedron nodes
whose synthesis could be envisioned with existing technolgte that molecules with the symmetry

of dodecahedrons, includg dodecahedrane and C60, are different from rhombic dodecahedrons and
appearlesssuited to the construction of space frames. The possibility of stable molecules with the
symmetry of rhombic dodecahedrons has been discussed in the literature.

Fifth, thenodes can be combined into mesdruts, as illustrated in Figuresland these metatrutscan
then be used in combination with metaodes to build a metspace frame.

Figure 8. Ameta-strut.

Higher order space frames

The metastructures illustrated here can be viewed as first order rrsttaictures. Second order meta
structures would be built from firsbrder metastructure components. Third order mesdructures

& Molecular building blocks and development strategies for molecular nanotechniojoBglph C. Merkle,
Nanotechnologyl 1 (2000) 8999.

°Boldyrevetal. sajiwe s how c omptwd naotedulesnMgRAI4PDS andiNadMg406, have very stable
di storted rhombi c ,@dydedralfohieMbleleAlexandeul.cBbldyme anslJack SimonsJ.
Am. Chem. Soc1997 119(20), pp 46184621, DOI: 10.1021/ja964063m
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